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Abstract
Let N ⊆ N be a truncation set. We study the ring of N -nested Witt vectors and its q-deformation. Given
two arbitrary integers q and r , we provide a necessary and sufficient condition of A so that Wq
N
(A) and
Wr
N
(A) should be strictly isomorphic to each other. Also, an isomorphism of functors, Wq
N
◦Wq
M
∼= WqMN ,
will be established for coprime truncation sets M and N . As a byproduct, we deal with interesting connec-
tions between nested Witt-vectors and other areas such as generalized Möbius μ-functions and numerical
polynomials, i.e., polynomials which take integral values at integer arguments.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let N be the set of positive integers, and let ∅ = N ⊆ N be a truncation set, i.e., N contains
every positive divisor of each of its elements. Classically, one has for every commutative ring
A the associated ring of Witt vectors W(A). One can generalize this construction to elicit the
notion of the ring of N -nested Witt vectors WN(A) by restricting the index set from N to N .
The first example of nested Witt vectors may be the p-typical Witt vectors. More pre-
cisely, in 1936, E. Witt [16] considered the ring of nested Witt vectors corresponding to the
set {1,p,p2, . . .}, where p is any prime, with a view to describing complete discrete valuation
rings analogous to the ring of p-adic integers. Around 1965, Witt together with S. Lang [6] in-
troduced the concept of the ring of Witt vectors by considering the full truncation set, that is, the
✩ This research was supported by the Sogang University Foundation Research Grants in 2006.
E-mail address: ytoh@sogang.ac.kr.0021-8693/$ – see front matter © 2006 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2006.09.026
684 Y.-T. Oh / Journal of Algebra 309 (2007) 683–710set of natural numbers. Another significant nested Witt vectors appeared under the name of the
Witt–Burnside ring of a finite cyclic group in Dress and Siebeneicher’ paper [3]. In this case, the
corresponding truncation set coincides with the set of divisors of the order of the group under
consideration.
An interesting phenomenon related with the ring of nested Witt vectors is that it has a
q-deformation. More precisely, for every integer q and every commutative ring A, one has the
ring of q-deformed Witt vectors WqN(A). When q = 1, it coincides with WN(A). Furthermore,
when q = 0, the corresponding ring W0N(A) turns out to have quite a simple structure (see Sec-
tion 2). As far as this q-deformation is concerned, we study two fundamental problems. Let q
and r be arbitrary integers. The first problem is to find a necessary and sufficient condition on A
so that WqN(A) and WrN (A) be strictly isomorphic to each other. More precisely, we will provide
the following criterion:
Theorem. Fix two arbitrary integers q and r , and let
Dpr(q)∩N = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) ∩N = {p1, . . . , pk;d1, . . . , dt }.
Then there exists a unique strict isomorphism between WqN (A) and WrN (A) if and only if A is a
Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra.
The second problem is to establish isomorphisms of functors for coprime truncation sets M
and N , which can be stated as follows:
Theorem. Let q be any integer, and M,N be truncation sets with M ∩ N = {1}. Then we have
isomorphisms of functors,
W
q
N ◦WqM ∼= WqMN and NrqN ◦ NrqM ∼= NrqMN .
This paper is organized as follows. In Section 2, we review prerequisites on the ring of nested
Witt vectors, the nested necklace ring, and their q-deformation. In Section 3, we study properties
and relations among the objects introduced in Section 2. As a by-product, N -nested cyclotomic
identities will be given (see Theorems 11 and 12). The main results will appear in Section 4.
Many structural properties will be investigated for q-deformed nested Witt vectors and nested
necklace rings. In the final section, we deal with applications which arise naturally in our frame.
Generalized Möbius μ-functions and certain polynomials taking integer values at integer argu-
ments will be investigated.
2. Preliminaries
Unless otherwise stated the rings we consider will be commutative, but not necessarily unital.
Denote by Ring the category of rings. In this section, we introduce several ring-valued covariant
functors of interest to us.
Let N ⊆ N be a truncation set. The N -nested ghost ring functor, ghN : Ring → Ring,
associates to each object the ring whose underlying set equals AN and whose operations
are defined componentwise, and to each morphism f :A → B associates the morphism
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→ (f (Xn))n∈N . Under the above notation, the functor of the ring of N -nested
Witt vectors, WN : Ring → Ring, is characterized by the following three properties:
(i) As a set, WN(A) equals AN.
(ii) For any ring homomorphism f :A → B , the map
WN(f ) :WN(A) → WN(B), (Xn)n∈N 
→
(
f (Xn)
)
n∈N
is a ring homomorphism.
(iii) The map
ΦN :WN(A) → ghN(A), (Xn)n∈N 
→
(∑
d|n
dX
n
d
d
)
n∈N
is a ring homomorphism.
For more information refer to [14].
Example 1.
(a) Let N be the set of divisors of n for some n ∈ N . Note that the subgroups of the multiplicative
cyclic group C(n) of order n are parametrized naturally by their index in C(n). It follows
that the functor WN is none other than the functor of Witt–Burnside rings associated to the
group C(n), denoted by WC(n).
(b) Typical examples of infinite truncation sets are N and {1,p,p2, . . .}, where p is any prime.
In the literature, WN, which is usually denoted by W, is called the functor of the ring of Witt
vectors. Similarly, W{1,p,p2,...}, which is usually denoted by Wp , is called the functor of the
ring of p-typical Witt vectors. As indicated in [3], W and Wp coincide with the functors of
Witt–Burnside rings W
Cˆ
and W
Cˆp
, respectively. Here, Cˆ represents the profinite completion
of the infinite cyclic group C, and Cˆp the pro-p-completion of the infinite cyclic group C.
When A is a commutative ring with identity, WN(A) can be viewed as a subring of W(A)
under the injection
ιW :WN(A) → W(A), (Xn)n∈N 
→ (X¯m)m∈N,
where X¯m is defined to be Xm if m ∈ N , and 0 otherwise. So, in the category of commutative
rings with identity, WN can be viewed as a subfunctor of W under the above natural transforma-
tion. A remarkable property of WN is that it has a q-deformation, where q ranges over the set
of integers. This phenomenon was first observed in [7,10] in case N = N, and extended to the
level of Witt–Burnside rings in [12]. According to this literature, there exists a unique functor
Wq : Ring → Ring for every integer q , satisfying the following conditions:
(i) As a set, Wq(A) equals AN.
(ii) For any ring homomorphism f :A → B , the map
Wq(f ) : (Xn)n∈N 
→
(
f (Xn)
)
n∈N
is a ring homomorphism.
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Φq :Wq(A) → gh(A), (Xn)n∈N 
→
(∑
d|n
dq
n
d
−1X
n
d
d
)
n∈N
is a ring homomorphism.
One can show that when q = 1, W1 coincides with W, and when q = 0, W0 has quite a simple
structure. Furthermore, it can be deduced from the condition (iii) that for each object A the
ring operations of Wq(A) are completely determined by the universal polynomials {sqn: n ∈ N},
{pqn: n ∈ N}, and {ιqn: n ∈ N}, which are provided by the following equations:
(
s
q
n
)
n∈N =
(
Φq
)−1(
Φq(X)+ Φq(Y)),(
p
q
n
)
n∈N =
(
Φq
)−1(
Φq(X) ·Φq(Y)),
(0,0, . . .) = (Φq)−1(Φq(X)+Φq((ιqn)n∈N)),
respectively, where X = (Xn)n∈N and Y = (Yn)n∈N. Note that Xn’s and Yn’s are regarded as
indeterminates. The coefficients of these polynomials belong to Q[q]. However, miraculously,
s
q
n,p
q
n ∈ Z[Xd,Yd : d | n],
ι
q
n ∈ Z[Xd : d | n]
for every n ∈ N when we specialize q to any integer. In particular, in view of the fact that d
ranges over the set of divisors of n, one can also define a modified functor, WqN : Ring → Ring,
satisfying the following conditions:
(i) As a set, WqN (A) equals AN.
(ii) For any ring homomorphism f :A → B , the map WqN(f ) : (Xn)n∈N 
→ (f (Xn))n∈N is a
ring homomorphism.
(iii) The map
Φ
q
N :W
q
N(A) → ghN(A), (Xn)n∈N 
→
(∑
d|n
dq
n
d
−1X
n
d
d
)
n∈N
is a ring homomorphism.
For each object A, Wq(A) has a structure of a filtered ring. It has the Verschiebung operator
Vm for every positive integer m, which is defined by
Vm(X)(n) =
{
Xi if n = mi,
0 otherwise. (2.1)
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mentioned that VmWq(A) is closed under the ring operations of Wq(A), but the unit elements of
VmW
q(A) and Wq(A), if they exist, do not coincide.
In 1983, Metropolis and Rota [8] provided a combinatorial understanding of W(Z), the ring
of Witt vectors over Z, by using the combinatorics of necklaces. They constructed a functor,
Nr : Ring → Ring, satisfying the property that W(Z) is isomorphic to Nr(Z). Compared with
W(Z), the advantage of Nr(Z) may be twofold as follows: First, it is very easy to describe. Sec-
ond, it has a very nice interpretation. Indeed, Nr(Z) can be realized as the Burnside–Grothendieck
ring of almost finite cyclic sets (see [8]). Let us now restrict the index from N to N to get the
N -nested version of Nr. Denote this functor by NrN . On the category of commutative rings with
identity, it can be viewed as a subfunctor of Nr under the injective natural transformation
ιN : NrN(A) → Nr(A), (Xn)n∈N 
→ (X¯m)m∈N,
where X¯m is defined to be Xm if m ∈ N , and 0 otherwise.
Nr has a q-deformation, denoted by Nrq : Ring → Ring, as q ranges over the set of integers
(see [10,12]). In exactly the same way as WqN has been constructed from Wq , it can be shown
that there exists a q-version of NrN . More precisely, for every integer q , one has a unique functor,
NrqN : Ring → Ring, subject to the following conditions:
(i) As a set, it is AN.
(ii) For any ring homomorphism f : A → B , the map NrqN(f ) : X 
→ (f (Xn))n∈N is a ring
homomorphism for X = (Xn)n∈N .
(iii) The map,
ϕ
q
N : Nr
q
N(A) → ghN(A), X 
→
(∑
d|n
dq
n
d
−1Xd
)
n∈N
,
is a ring homomorphism.
We call NrqN the functor of q-deformed N -nested necklace rings. In particular, in case N = N, the
corresponding ring Nrq(A) has a structure of a filtered A-algebra associated with Verschiebung
operators defined as in (2.1). Consequently we have a descending filtration on Nrq(A) given by
the algebras VmNrq(A) for m 1. Note that the unit elements of VmNrq(A) and Nrq(A), if they
exist, do not coincide. Denote by ZN := Z[ 1n : n ∈ N ] the localization of Z by N .
Lemma 2. Let N be a truncation set and q be any integer. Then we have the following charac-
terizations.
(a) ΦqN(A) is injective ⇔ ϕqN(A) is injective ⇔ A has no N -torsion.
(b) ΦqN(A) is surjective ⇔ ϕqN(A) is surjective ⇔ ΦqN(A) is bijective ⇔ ϕqN(A) is bijective ⇔
A is a ZN -algebra.
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nomial rings. For complete information see [12]. Given m ∈ N, let us define a corresponding
matrix, ζ qm, on the lattice D(m) of divisors of m, by
ζ
q
m(d1, d2) =
{
q
d2
d1
−1 if d1 | d2,
0 otherwise,
and let μqm be its inverse. Set
Mq(x,n) := 1
n
∑
d|n
μ
q
n(d,n)q
d−1xd . (2.2)
These polynomials are called q-necklace polynomials since it counts the number of equivalence
classes of aperiodic q-words of length n out of x-letters in case x is a positive integer. Consid-
ering q-necklace polynomials as function on a ring A, they do not make sense on every ring.
Therefore, when dealing with q-necklace polynomials, we require the condition that A should
have a binomial ring structure. For the definition of binomial rings refer to [11, Section 2].
Lemma 3. [11,12,15]
(a) Let A be a torsion-free commutative ring with identity and such that ap = a mod pA if p is
a prime. Then A has a unique special λ-ring structure with Ψ n = id for all n ∈ N.
(b) Let A be a torsion-free commutative ring with identity. Then A is a binomial ring if and only
if M1(a,n) ∈ A for all a ∈ A and n ∈ N.
(c) If A is a binomial ring, then Mq(a,n) ∈ A for all a ∈ A and n,q ∈ N.
From now on, we let M(a,n) := M1(a,n) for all a ∈ A and n ∈ N. By virtue of Lemma 3(c)
one can define the map
Mq :A → Nrq(A), a 
→ (Mq(a,1),Mq(a,2), . . .)
if A is a binomial ring. The following statement plays a fundamental role in the theory of
q-deformed Witt vectors.
Theorem 4. [12] Let A be any binomial ring. Then, for any integer q , the map
τq :Wq(A) → Nrq(A), (Xn)n∈N 
→
∑
r1
VrM
q(Xr),
is a ring isomorphism. Furthermore, it satisfies the relation Φq = ϕq ◦ τq .
Observe that the nth component of τq((Xn)n∈N) is given by
∑
d|n Mq(Xd, nd ). It follows
that τq(WqN (A)) = NrqN(A). By restricting τq to WqN(A) one can derive a N -nested version of
Theorem 4.
Y.-T. Oh / Journal of Algebra 309 (2007) 683–710 689Theorem 5. Let A be any binomial ring. Then, for any integer q , the map
τ
q
N :W
q
N(A) → NrqN(A), (Xn)n∈N 
→
(∑
d|n
Mq
(
Xd,
n
d
))
n∈N
,
is a ring isomorphism. Furthermore, it satisfies the relation ΦqN = ϕqN ◦ τqN .
3. Artin–Hasse-like exponential map and big diagram
In 1956, Grothendieck introduced a functor, denoted by Λ, from the category of unital com-
mutative rings to the category of special λ-rings. As a set, Λ(A) coincides with
1 + At+ :=
{
1 +
∞∑
n=1
xnt
n: xn ∈ A
}
for a commutative ring A with identity. For its ring structure we refer to [11, Section 2], where
the notation Λ1 has been used to denote Λ. Viewed as a functor from the category of unital
commutative rings to the category of special λ-rings, Λ is isomorphic to W under Artin–Hasse-
like exponential map
E :W(A) → Λ(A), (xn)n∈N 
→
∏
n∈N
1
1 − xntn .
The structure of W(Z) was extensively studied by Dress and Siebeneicher [4]. They provided
a diagram which illustrates close connections between the ring of Witt vectors (over Z) and
necklace ring, ghost ring, and Grothendieck ring of formal power series with constant term 1
(over Z).
The purpose of this section is to derive a N -nested version of Artin–Hasse-like exponential
map and to provide an analogous global picture illustrating the structure of the ring of N -nested
Witt vectors very nicely. To do this we need to recall the following lemma on the symmetric map.
Lemma 6. [11] Let A be a binomial ring. The symmetric map,
st : Nr(A) → Λ(A), (bn)n∈N 
→
∏
n∈N
(
1
1 − tn
)bn
,
is a ring isomorphism. Furthermore, it satisfies the relation that E = st ◦ τ .
Let A be a binomial ring. From Theorem 4 and Lemma 6 it is obvious that the following
diagram
W(A)
τ(∼=)
Φ
Nr(A)
st (∼=)
ϕ
Λ(A)
t d
dt
log
gh(A) id gh(A) identification tAt
(3.1)
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n∈N xntn.
Denote by N⊥ the set {m ∈ N: gcd(m,n) = 1 for all n ∈ N}, where N is a truncation set.
By definition we have N ∩ N⊥ = {1}. Now we introduce a truncation set of a very simple form.
A truncation set N is called monoidal if it is generated by a set of prime numbers. If N is
monoidal, then N⊥ is uniquely determined by the two identities N ∩ N⊥ = {1} and NN⊥ = N.
More generally the following statement holds:
Lemma 7. Let N be a truncation set. Then NN⊥ = N if and only if N is monoidal.
With this notation, we define a map, which is injective,
ηG : ghN(A) → gh(A), (Xn)n∈N 
→ (X¯m)m∈N,
where
X¯m :=
{
Xm if m ∈ N,
0 otherwise.
Let A be unital. Note that ηG does not preserve identity elements unless N equals N. Let us
consider a map ηN : NrN(A) → Nr(A) so that the diagram
NrN(A)
ηN
ϕN
Nr(A)
ϕ
ghN(A)
ηG gh(A)
(3.2)
be commutative. Letting (a˘m)m∈N be the image of (an)n∈N by ηN , the commutativity condition
says that for every n ∈ N
∑
d|n
da˘n =
{∑
d|n dad if n ∈ N,
0 otherwise.
(3.3)
Applying Möbius inversion formula to Eq. (3.3) we obtain that
a˘n = 1
n
∑
d|n
d∈N
μ
(
n
d
)(∑
e|d
eae
)
. (3.4)
Example 8.
(a) a˘n = an for every n if N = N, and
a˘n = μ(n2)
n2
an1
if N is monoidal and n = n1n2 with n1 ∈ N , n2 ∈ N⊥.
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1
n
∑
d|n
d∈N
μ
(
n
d
)
xd.
Indeed, it can be regarded as a truncated version of the polynomial M(x,n). So, we will denote
it by MN(x,n) (compare with Section 5.1).
Unless otherwise stated, we assume that N is monoidal in the remaining part of this section.
Let A be a ZN⊥ -algebra and define ηN : NrN(A) → Nr(A) by
a˘n = μ(n2)
n2
an1
for n = n1n2 with n1 ∈ N , n2 ∈ N⊥. Note that ηN is well defined by the condition of A. Also A
has a binomial ring structure, which follows from Lemma 3(a). Therefore, we obtain the com-
mutative diagram
WN(A)
τN (∼=)
ΦN
NrN(A)
ηN
ϕN
Nr(A)
st (∼=)
ϕ
Λ(A)
t d
dt
log
ghN(A)
id ghN(A)
ηG gh(A) identification tAt
(3.5)
by combining diagram (3.1) with diagram (3.2). Define ΛN(A) by the image of WN(A) for
st ◦ ηN ◦ τN . Note that it is not a subring of Λ(A) because the unit element of Λ(A) and ΛN(A)
do not coincide. However, since st , ηN , and τN are all injective, we can obtain a ring isomorphism
st ◦ ηN ◦ τN :WN(A) → ΛN(A) by the restriction of the range. Let
EN(t) :=
∏
d∈N⊥
(
1
1 − td
)μ(d)
d
.
As in [14], let us define a ring isomorphism
EN :WN(A) → ΛN(A), (xn)n∈N 
→
∏
c∈N
EN
(
xct
c
)
.
Theorem 9. Let N be a monoidal truncation set and A a ZN⊥ -algebra. The following statements
hold:
(a) EN is a ring isomorphism, and EN = st ◦ ηN ◦ τN .
(b) If A is of characteristic zero, then ΛN(A) equals
ΞN :=
{
f (t) ∈ Λ(A): logf (t) is of the form
∑
n∈N
ant
n, where an ∈ A⊗Q
}
.
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∏
n∈N⊥
(
1
1 − tn
)μ(n)
n
is in ΛN(A), and the identity of ΛN(A).
Proof. (a) Since t d
dt
log is injective, it suffices to show that
t
d
dt
log ◦ EN(X) = t d
dt
log ◦ st ◦ ηN ◦ τN(X)
for all X = (xn)n∈N ∈ WN(A). Note that
t
d
dt
log ◦ EN(X) =
∑
c∈N
c
∑
n∈N
xnc t
cn =
∑
n∈N
(∑
d|n
dx
n
d
d
)
tn.
From the commutativity of diagram (3.5) it follows that
t
d
dt
log ◦ st ◦ ηN ◦ τN(X) =
∑
n∈N
(∑
d|n
dx
n
d
d
)
tn.
So, we are done.
(b) If f (t) ∈ ΛN(A), then
t
d
dt
logf (t) =
∑
n∈N
(∑
d|n
dx
n
d
d
)
tn
for some (xn)n∈N ∈ WN(A). This follows from the commutativity of diagram (3.5). Thus, we
have
logf (t) =
∑
n∈N
1
n
(∑
d|n
dx
n
d
d
)
tn ∈ ΞN.
For the converse, let us assume that f (t) ∈ ΞN . In view of Theorem 9(a) together with the fact
that t d
dt
logf (t) is in the image of identification ◦ ηG ◦ ΦN over A ⊗ Q, one can write f (t) as∏
c∈N EN(xctc) for some (xn)n∈N ∈ WN(A⊗Q). Since f (t) ∈ Λ(A)∩ΛN(A⊗Q) the desired
result follows.
(c) By definition
ηN ◦ τN(1,0,0, . . .) =
{
μ(n)
n
if n ∈ N⊥,
0 otherwise.
It follows that
EN(1,0,0, . . .) =
∏
n∈N⊥
(
1
1 − tn
)μ(n)
n
.
This implies the desired result immediately. 
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st,N : NrN(A) → ΛN(A), (xn)n∈N 
→
∏
c∈N
d∈N⊥
(
1
1 − tcd
)μ(d)
d
xc
.
By the commutativity of diagram (3.5) the identity
∏
c∈N
EN
(
tc
)xc = exp(∑
n∈N
1
n
∑
d|n
dxd t
n
)
(3.6)
is straightforward. Particularly, if (xn)n∈N is the identity (1,0, . . . ,0), then Eq. (3.6) reduces to
the formula:
EN(t) = exp
(∑
n∈N
1
n
tn
)
.
Next, we would like to introduce another injective map instead of ηG. Consider an injective
ring homomorphism
ιG : ghN(A) → gh(A), (an)n∈N 
→ (a˜m)m∈N,
where
a˜m := am1
for m = m1m2 with m1 ∈ N , m2 ∈ N⊥. It is not difficult to show that the following diagrams
WN(A)
ιW
ΦN
W(A)
Φ
ghN(A)
ιG gh(A),
NrN(A)
ιN
ϕN
Nr(A)
ϕ
ghN(A)
ιG gh(A),
WN(A)
ιW
τN
W(A)
τ
NrN(A)
ιN Nr(A)
are all commutative. Particularly, by combining the second diagram with (3.1) we can derive the
following commutative diagram
WN(A)
τN (∼=)
ΦN
NrN(A)
ιN
ϕN
Nr(A)
st (∼=)
ϕ
Λ(A)
t d
dt
log
ghN(A)
id ghN(A)
ιG gh(A) identification tAt
(3.7)
if A is a binomial ring.
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∏
n∈N
(
1
1 − tn
)xn
= exp
( ∑
c∈N
d∈N⊥
(
1
cd
∑
e|c
exe
)
tcd
)
for every (xn)n∈N ∈ NrN(A).
Proof. This follows from the relation that t d
dt
log ◦ st ◦ ιN = identification ◦ ιG ◦ ϕN . 
We close this section with two applications associated with diagrams (3.5) and (3.7). The first
application is so-called N -nested cyclotomic identities. For full information of the cyclotomic
identity see [4,8,9].
Theorem 11. Let N be a monoidal truncation set and let x, t be indeterminates. Then the fol-
lowing relations hold:
(a) EN(xt) =
∏
c∈N
EN
(
tc
)M(x,c)
.
(b)
∏
n∈N
(
1
1 − tn
)M(x,n)
= exp
( ∑
c∈N
d∈N⊥
1
cd
(
xtd
)c)
.
Proof. (a) The identity to prove is nothing but the re-statement of the relation
EN(x,0,0, . . .) = st ◦ ηN ◦ τN(x,0,0, . . .)
=
(
t
d
dt
log
)−1
◦ identification ◦ ηG ◦ΦN(x,0,0, . . .).
(b) Similarly, the identity to prove is the re-statement of the relation
st ◦ ιN ◦ τN(x,0,0, . . .) =
(
t
d
dt
log
)−1
◦ identification ◦ ιG ◦ΦN(x,0,0, . . .). 
Theorem 12. Let N be any truncation set and let x, t be indeterminates. Then we have
∏
n∈N
(
1
1 − tn
)MN(x,n)
= exp
(∑
n∈N
xn
n
tn
)
.
Proof. Define ηN as in Eq. (3.4), and then apply the commutativity of diagram (3.5) to get the
desired result. 
Letting N = N, we can recover the classical cyclotomic identity
1
1 − xt =
∏( 1
1 − tn
)M(x,n)
.n∈N
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arithmetic functions. Let f be an arithmetic function, and let F(n) =∑d|n f (d). By Möbius
inversion formula, we have
f (n) =
∑
d|n
μ(d)F
(
n
d
)
.
In our framework, the relation between f and F can be re-interpreted as
ϕ
((
f (n)
n
)
n∈N
)
= (F(n))
n∈N.
Hence, from the relation
t
d
dt
log ◦ st = identification ◦ ϕ,
it follows that
∞∏
n=1
(
1
1 − tn
) f (n)
n = exp
( ∞∑
n=1
F(n)
n
tn
)
.
This formula is quite useful in case where the value of each F(n) is explicitly known. Let us give
some examples. First, let f be the Möbius inversion function μ. Then,
F(n) =
{
1 if n = 1,
0 otherwise,
and hence the resulting formula looks like
∞∏
n=1
(
1
1 − tn
)μ(n)
n = exp(t).
If f is the Euler’s totient function φ, we have
∞∏
n=1
(
1
1 − tn
) φ(n)
n = exp
(
t
1 − t
)
.
Another noteworthy example is related with Liouville’s function λ which is defined by λ(n) =
(−1)Ω(n), where Ω(n) is the number of primes dividing n, counting multiplicities. In this case,
we have
∞∏
n=1
(
1
1 − tn
) λ(n)
n = exp
( ∞∑
n=1
tn
2
n2
)
.
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4.1. Deformed nested Witt vectors
Let A be a commutative ring with identity, and let N be a truncation set. And then, we fix
two arbitrary integers q and r . The aim of this section is to provide a necessary and sufficient
condition of A so that WqN(A) and W
r
N (A) should be strictly isomorphic.
To begin with, we introduce the prerequisite notations. Given a integer q , we define D(q) by
the set of divisors of q , and Dpr(q) by the set of prime divisors of q , respectively. Convention-
ally, D(0) will denote the set of positive integers N, and Dpr(0) the set of all primes in N. So,
Dpr(0)∩N will represent the set of all primes belonging to N .
Definition 13. Let q and r be arbitrary integers. Under the above notation, WqN(A) is said to be
strictly isomorphic to WrN (A) if there exists a ring isomorphism, say rq :W
q
N(A) → WrN (A),
satisfying ΦqN = ΦrN ◦rq . In this case, rq is called a strict isomorphism.
The main result of this section is to prove the following criterion of classification:
Theorem 14. Fix two arbitrary integers q and r , and let
Dpr(q)∩N = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) ∩N = {p1, . . . , pk;d1, . . . , dt }.
That is, pi ’s are prime divisors in Dpr(q)∩Dpr(r)∩N. Then, there exists a unique strict isomor-
phism between WqN(A) and WrN (A) if and only if A is a Z[ 1ci , 1dj : 1 i  s, 1 j  t]-algebra.
In view of Theorem 14, it is immediate that the functors WqN and W
r
N are naturally isomorphic
if there are no ci ’s and dj ’s. In proving this assertion, the following lemma plays a crucial role.
For the content on formal group laws refer to [5].
Lemma 15. [13] For any integers q and r , let us consider the corresponding formal group laws
Fq(X,Y ) = X + Y − qXY and Fr(X,Y ) = X + Y − rXY , respectively. Let
Dpr(q) = {p1, . . . , pk; e1, . . . , es},
Dpr(r) = {p1, . . . , pk;f1, . . . , ft }.
Then, we have
(a) Fq(X,Y ) is strictly isomorphic to Fr(X,Y ) over the ring
Z
[
1
ei
,
1
fj
: 1 i  s, 1 j  t
]
.
(b) If q and r have the same set of prime divisors, then Fq(X,Y ) is strictly isomorphic to
Fr(X,Y ) over Z.
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Φ
q
N(X) = ΦrN(Y),
equivalently
∑
d|n
dq
n
d
−1 X
n
d
d =
∑
d|n
dr
n
d
−1 Y
n
d
d for all n ∈ N. (4.1)
Here, X represents the vector (Xn)n∈N and Y the vector (Yn)n∈N , respectively. Also, we assume
that the coefficients are defined over Q. Using Eq. (4.1), let us express Yn, n ∈ N , as a polynomial
in Xd,d | n, which can be done in an inductive way. Then, one can easily show that
Yn − Xn ∈ ZN [Xd : d | n and d < n].
On the other hand, it follows from Lemma 15 that
Yn − Xn ∈ Z
[
1
ei
,
1
fj
: 1 i  s, 1 j  t
]
[Xd : d | n].
This is because every formal group law Fq(X,Y ), q ∈ Z, induces functorially the corresponding
ring of Witt vectors Wq(A) so that Φq is a ring homomorphism (see [5]). Putting these two
results together, we can conclude that the coefficients of Yn are defined on the ring
Z
[
1
ei
,
1
fj
: 1 i  s, 1 j  t and ei, fi ∈ N
]
. (4.2)
Denote the polynomial obtained from Yn by Pn(Xd : d | n). Note that Pn is of the form
Xn + a polynomial in Xd ’s, d | n and d = n. (4.3)
Now, we are ready to prove our statement on classification.
Proof of Theorem 14. First, assume that A is a Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra. Equiv-
alently, all the ci · 1’s and dj · 1’s are units in A. Using the universal polynomials {Pn: n ∈ N},
let us define a map
rq :W
q
N(A) → WrN (A), (an)n∈N 
→
(Pn(ad : d | n))n∈N.
Obviously, this map is well defined in view of Eq. (4.2). To show that rq is bijective, observe
P1(X1) = X1. Now, from Eq. (4.3) it follows that if Xk’s, k < n, are expressed in Pi ’s with i ∈ N
and i  k, then Xn can be written as
Pn + 1
n
∑
d|n
d
(
r
n
d
−1P
n
d
d − q
n
d
−1X
n
d
d
)
.d =n
698 Y.-T. Oh / Journal of Algebra 309 (2007) 683–710This shows the surjectivity. The injectivity follows from the fact that the coefficient of Xn in
the polynomial Pn is 1 for all n ∈ N . In order to show that rq is a ring homomorphism, let us
observe the systems of equations, which are defined over Q,
rq (X + X′) =
(
ΦrN
)−1 ◦ΦqN(X + X′)
= (ΦrN )−1 ◦ΦqN(X)+ (ΦrN )−1 ◦ΦqN(X′).
Equivalently,
Pn(sd : d | n) =Pn(Xd : d | n)+Pn
(
X′d : d | n
)
, n ∈ N. (4.4)
Here, sn = sn(Xd,X′d : d | n)’s represent the polynomials determining the addition of the ring of
nested Witt vectors. Note that polynomial-identities of Eq. (4.4) are defined over the ring
Z
[
1
ci
,
1
dj
: 1 i  s, 1 j  t
]
.
This implies that rq is additive. In the same manner one can show that rq is also multiplicative.
Finally, the fact that rq is a strict isomorphism follows from its definition since rq (X) = Y.
Furthermore, rq is completely determined by the set {Pn: n ∈ N}. It means that there can exist
at most one strict isomorphism.
Conversely, let us assume that there exists a unique strict isomorphism, say rq :Wq(A) →
Wr (A). Hence, we have Φq = Φr ◦ rq . Assume that there exists a prime p ∈ N which divides
q but not r . Letting
(an)n∈N := rq (1,0,0, . . .),
we have
qn−1 =
∑
d|n
dr
n
d
−1 a
n
d
d , n 1.
In particular, a1 = 1 and
rp−1 + pap = qp−1. (4.5)
Since (p, r) = 1, the Little theorem of Fermat says that rp−1 = 1 + pα for some α ∈ Z. Thus
Eq. (4.5) can be written as
p
(
α + ap − q
p−1
p
)
= −1,
which means that p · 1 is a unit in A. In the same manner, for all the primes p in N dividing r
but not q , p · 1 also should be units in A. This proves our assertion. 
Corollary 16. Let q and r be arbitrary integers, and A be a commutative ring with identity.
Then, we have
Y.-T. Oh / Journal of Algebra 309 (2007) 683–710 699(a) Wq(A) and Wr (A) are isomorphic as filtered rings associated with the operators Vm, m 1
if they are strictly isomorphic.
(b) Assume that A is an integral domain of characteristic zero. Then, Wq(A) is strictly isomor-
phic to Wr (A) if they are isomorphic as filtered rings associated with the operators Vm,
m 1.
Proof. (a) Let us assume that we have a strict isomorphism rq :Wq(A) → Wr (A). For our
purpose it suffices to show that Vm ◦ rq = rq ◦ Vm for all m  1. Observe that, over Q, this
equality is the case since Φq and Φr preserve the Verschiebung operators (see [7,10,12]) and
they are also isomorphisms. Furthermore, it is given by a set of polynomial identities with all
coefficients defined on the ring
Z
[
1
ci
,
1
dj
: 1 i  s, 1 j  t
]
(see Theorem 14). Hence, over Z[ 1
ci
, 1
dj
: 1  i  s, 1  j  t]-algebras, it is the case that
Vm ◦rq = rq ◦ Vm. This gives the desired result.
(b) Let us assume that there is such an isomorphism h :Wq(A) → Wr (A). Extend this map
to h :Wq(A ⊗ Q) → Wr (A ⊗ Q) in the obvious way. Letting h˜ = Φr ◦ h ◦ (Φq)−1, h˜ is a
filtered isomorphism on gh(A ⊗ Q). For the vector ek = (0,0, . . . ,
kth
1 ,0,0, . . .), k  1, we have
h˜(ek) · h˜(ek) = h˜(ek). It follows that the coordinates of h˜(ek) are 0 or 1. Furthermore, from h˜(ek +
el) · h˜(ek + el) = h˜(ek + el), k = l, it follows that h˜(ek)h˜(el) = 0. This equality implies that h˜(ek)
and h˜(el) cannot contain a 1 in the same column. Combining this observation with the fact that h˜
is a filtered isomorphism we can conclude that h˜ is the identity map. Consequently, Φr ◦h = Φq .
Finally, by restricting the domain A⊗Q to A, we can establish the desired result. 
As an application, let us apply Theorem 14 to some typical cases. To do this we need to
introduce some auxiliary notations. First, we denote by Z(q),N by the N -nested ring of integers
localized at q = 0, that is, {m/n ∈ Q: (n, q) = 1, n ∈ N}. Second, for a nonzero integer q , we
mean by Zq∩N the ring
Z
[
1
p
: p is a prime in N dividing q
]
.
Corollary 17. Let A be a commutative ring with identity. Then, the following statements hold:
(a) Let q be a nonzero integer. Then, A is a Z(q),N -algebra if and only if there exists a unique
strict isomorphism, say q0 :W
0
N(A) → WqN(A).
(b) Let q be a nonzero integer. Then, A is a Zq∩N -algebra if and only if there exists a unique
strict isomorphism, say q1 :WN(A) → WqN(A).
(c) Let q vary over the set of integers. Then, WqN(Z) are classified up to strict isomorphism by
the set of prime divisors of q in N .
(d) For arbitrary integers q and r , WqN(A) is strictly isomorphic to WrN (A) if A is a ZN -
algebra.
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A
[
1
p
: p is a prime divisor of q belonging to N
]
.
Then, the map, rq :W
q
N(B) → WrN (B), is a strict isomorphism where B is Aq∩N , or A[ 1q ].
Proof. (a) Let q = 0 and r = 0. Recall that Dpr(q) ∩ N represents the set of all prime divisors
of q belonging to N and Dpr(0) ∩ N the set of all primes belonging to N , respectively. Hence
there are no ci ’s and dj ’s are primes belonging to N which do not divide q (for the definition of
ci ’s and dj see Theorem 14). Now, the desired result follows from Theorem 14.
(b) Let r = 1. Then, Dpr(1) ∩ N is the empty set. Hence, in the context of Theorem 14, cj ’s
are primes in N which divides q , and no dj ’s exist. In the same way as in (a), we obtain the
desired result.
(c) Note that the units in Z are only 1 and −1. Therefore ci ’s and dj ’s are nonunits. By
Theorem 14, WqN(Z) and W
r
N (Z) are strictly isomorphic if and only if there are no ci ’s and dj ’s.
On the other hand, there are no ci ’s and dj ’s if and only if Dpr(q)∩N = Dpr(r)∩N . So, we are
done.
(d) By assumption, note that p · 1 is a unit in A for every prime p belonging to N . Now, apply
Theorem 14 to get the desired result.
(e) Observe that Aq∩N and A[ 1q ] are Zq∩N -algebras. Now, apply (b) to get the desired re-
sult. 
Following the same way as in Theorem 14 we can also establish the following fact:
Theorem 18. Let q be any integer. Then the following statements are equivalent.
(a) A is a ZN -algebra.
(b) The map ΦqN :WqN(A) → ghN(A) is a ring isomorphism.
Proof. (a) ⇒ (b): This part is almost straightforward (refer to [14, Lemma 1]).
(b) ⇒ (a): We claim that p · 1 is a unit in A for every prime p in N . To show this, choose
an element b in ghN(A) whose pth component equals qp−1a
p
1 + 1. By the surjectivity of ΦqN
there exists a unique element (xn)n∈N in WqN(A) such that Φ
q
N((xn)n∈N) = b. Comparing the
pth component yields that
qp−1xp1 + pxp = qp−1ap1 + 1.
Since x1 = a1, this equality implies that pxp = 1. Consequently p ·1 is a unit in A. Equivalently,
n · 1 is a unit in A for every n ∈ N . It follows that we have an injective ring homomorphism
i :ZN → A, n
m

→ nm−1.
Thus A is a ZN -algebra. 
Let A be a commutative ring with identity. In case where WqN (A) is not strictly isomorphic
to WN(A), one of the significant differences between them is that the former may not have the
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have the identity.
First, denote the identity, if exists, by
1WqN(A) = (en)n∈N.
Note that en’s can be determined inductively by solving the system of equations
∑
d|n
dq
n
d
−1e
n
d
d = 1 (4.6)
for all n ∈ N. Note that e1 = 1. Also, if p is a prime in N , then Eq. (4.6) reduces to
qp−1 + pep = 1. (4.7)
In general, Eq. (4.7) is not the case unless p and q are mutually disjoint. However, in case where
the prime divisors of q in N are units in A, one can find ep by letting
ep =
{
p−1(1 − qp−1) if p is a unit,
(1 − qp−1)/p otherwise.
Note that the second term (1− qp−1)/p is well defined by virtue of the Little theorem of Fermat.
Theorem 19. Let A be a commutative ring with identity and q an integer. Then the following
statements are equivalent.
(a) For every prime divisor p in N dividing q , p · 1 is a unit in A.
(b) WqN(A) has the identity.
Proof. (a) ⇒ (b): If follows from Corollary 17(b).
(b) ⇒ (a): By the assumption there exists a unique xp ∈ A such that
qp−1 + pxp = 1 (4.8)
for every prime p ∈ N which divides q . Then, Eq. (4.8) can be written as
p ·
(
qp−1
p
+ xp
)
= 1.
This implies that p · 1 is a unit. 
4.2. Deformed nested necklace rings
As before, let A be a commutative ring with identity. In this section, we provide a necessary
and sufficient condition of A so that NrqN(A) and Nr
r
N (A) should be strictly isomorphic. Indeed,
all the results obtained in the previous section remain still true.
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NrrN (A) if there exists a ring isomorphism, say n
r
q : Nr
q
N(A) → NrrN (A), satisfying ϕqN = ϕrN ◦nrq .
In this case, nrq is called a strict isomorphism.
Following in the exactly same way as in Theorem 14 and Corollary 16, we can establish the
following facts.
Theorem 21. Fix two arbitrary integers q and r . Let
Dpr(q)∩N = {p1, . . . , pk; c1, . . . , cs},
Dpr(r) ∩N = {p1, . . . , pk;d1, . . . , dt }.
Then, there exists a unique strict isomorphism between NrqN(A) and NrrN (A) if and only if A is a
Z[ 1
ci
, 1
dj
: 1 i  s, 1 j  t]-algebra.
Corollary 22. Let q and r be arbitrary integers. Then, we have:
(a) Nrq(A) and Nrr (A) are isomorphic as filtered algebras associated with the operators Vm,
m 1 if they are strictly isomorphic.
(b) Assume that A is an integral domain of characteristic zero. Then, Nrq(A) is strictly isomor-
phic to Nrr (A) if they are isomorphic as filtered rings associated with the operators Vm,
m 1.
Also, one can verify in a routine way that other statements such as Corollary 17, Theorem 18
remain true if we replace WqN (respectively WrN ) by NrqN (respectively NrrN ). So, we omit the
proof. We close this section by providing an analogue of Theorem 19.
Theorem 23. Let A be a commutative ring with identity and q an integer. Then the following
statements are equivalent.
(a) For every prime divisor p in N dividing q , p · 1 is a unit in A.
(b) NrqN(A) has the identity.
Proof. (a) ⇒ (b): From Theorem 21 it follows that the prime divisors in N dividing q are all
units in A if and only if NrqN(A) is strictly isomorphic to NrN(A). Since NrN(A) has the identity
we are done.
(b) ⇒ (a): By assumption the following linear system of equations (over Q)
∑
d|n
dq
n
d
−1Xd = 1, n ∈ N,
has a unique solution set. For our purpose we have to show that Xn, n ∈ N should be in Zq∩N .
Note that WqN (Zq∩N) has the identity by Theorem 19. Using the fact that Nrq(B) is isomorphic
to Wq(B) if B is a binomial ring (refer to [10,12]), we can conclude the desired result because
Zq∩N is a binomial ring. This implies that Xn, n 1, belong to Zq∩N . Since the solution set is
unique A should be a Zq∩N -algebra. 
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In this section, we establish isomorphisms of functors,
W
q
N ◦WqM ∼= WqMN and NrqN ◦ NrqM ∼= NrqMN,
for coprime truncation sets M and N . Note that if M and N are truncation sets, then MN :=
{mn: m ∈ M, n ∈ N} is also a truncation set.
Let A be any commutative ring. Applying the functoriality of ΦqN to the ring homomorphism
Φ
q
N(A) :W
q
N (A) → ghN(A), we have the commutative diagram
W
q
N(W
q
M(A))
Φ
q
N (W
q
M(A))
W
q
N (Φ
q
M(A))
ghN(W
q
M(A))
Φ
q
N (A)
M
W
q
N(ghM(A))
Φ
q
N (ghM(A)) ghN(ghM(A)).
The resulting ring homomorphism
Φ
q
M,N(A) :W
q
N
(
W
q
M(A)
)→ ghN (ghM(A))
sends X = (Xm,n)m∈M,n∈N to (Xq(m,n))m∈M,n∈N , where
X
q
(m,n) =
∑
d|n
dq
n
d
−1
(∑
c|m
cq
m
c
−1X
m
c
c,d
) n
d
.
In particular, if M ∩N = {1}, then MN ∼= M ×N . It follows that ghN(ghM(A)) = ghMN(A).
Theorem 24. Let q be any integer, and M,N be truncation sets with M ∩ N = {1}. Then there
is a unique functorial isomorphism
ω
q
M,N :W
q
N ◦WqM → WqMN
satisfying ΦqM,N = ΦqMN ◦ωqM,N .
Proof. The proof can be accomplished by following the method in [14, Proof of Theorem 1].
First, we recall that all three functors WqN ◦WqM , WqMN , and ghMN are represented by the poly-
nomial ring
R := Z[Xmn: m ∈ M, n ∈ N ],
with variables Xmn. Set X = (Xmn)m∈M,n∈N . By Yoneda’s Lemma, a functorial map
ω
q
:W
q ◦Wq → WqM,N N M MN
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Z = (Zmn)m∈M,n∈N ∈ WqMN(R)
satisfying ΦqM,N(X) = ΦqMN(Z). Furthermore, ωqM,N will be bijective if and only if
R = Z[Zmn: m ∈ M, n ∈ N ].
From the fact that ΦqM,N(R ⊗Q) and ΦqMN(R ⊗Q) are isomorphisms it follows
Z = (ΦqMN )−1(ΦqM,N(X)) ∈ WqMN(R ⊗Q).
Therefore ωqM,N will be a ring isomorphism and unique if exists. Observe that Zmn − Xmn be-
longs to
Q[Xcd : c | m, d | n, and cd < mn].
Consequently, we are done if we can prove that Z ∈ WqMN(R). To this end, let us consider the
system of identities over Q
∑
d|n
dq
n
d
−1
(∑
c|m
cq
m
c
−1X
m
c
cd
) n
d =
∑
d|mn
dq
mn
d
−1Z
mn
d
d , m ∈ M, n ∈ N. (4.9)
Multiplying q to both sides Eq. (4.9) yields
∑
d|n
d
(∑
c|m
c(qXcd)
m
c
) n
d =
∑
d|mn
d(qZd)
mn
d , m ∈ M, n ∈ N.
Equivalently,
ΦM,N
(
(qXmn)m∈M,n∈N
)= ΦMN ((qZmn)m∈M,n∈N ).
On the other hand, [14, Theorem 1] asserts that
qZmn − qXmn ∈ Z[qXcd : c | m, d | n, cd < mn].
Since Zmn is a polynomial without constant term, we can conclude that
Zmn −Xmn ∈ Z[Xcd : c | m, d | n, cd < mn]
if q = 0. In case q = 0, then Eq. (4.9) reduces to
Xmn = Zmn, m ∈ M, n ∈ N.
So, we are done. 
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ality of ϕqN to the ring homomorphism ϕ
q
N(A) : Nr
q
N(A) → ghN(A), we have the commutative
diagram
NrqN(Nr
q
M(A))
ϕ
q
N (Nr
q
M(A))
NrqN (ϕ
q
M(A))
ghN(Nr
q
M(A))
ϕ
q
N (A)
M
NrqN(ghM(A))
ϕ
q
N (ghM(A)) ghN(ghM(A)).
The resulting ring homomorphism
ϕ
q
M,N(A) : Nr
q
N
(
NrqM(A)
)→ ghN (ghM(A))
sends X = (Xmn)m∈M,n∈N to (Xq(m,n))m∈M,n∈N , where
X
q
(m,n) :=
∑
d|n
dq
n
d
−1
(∑
c|m
cq
m
c
−1Xc,d
)
.
Theorem 25. Let q be any integer, and M,N be truncation sets with M ∩ N = {1}. Then there
is a unique functorial isomorphism
n
q
M,N : Nr
q
N ◦ NrqM → NrqMN
satisfying ϕqM,N = ϕqMN ◦ nqM,N .
Proof. Set X = (Xmn)m∈M,n∈N . As in the proof of Theorem 24 it suffices to show that
Z = (Zmn)m∈M,n∈N :=
(
ϕ
q
MN
)−1(
ϕ
q
M,N(X)
) ∈ NrqMN(R), (4.10)
where R = Z[Xmn: m ∈ M, n ∈ N ]. Note that Eq. (4.10) is identical to the system of identities
∑
d|n
dq
n
d
−1
(∑
c|m
cq
m
c
−1Xcd
)
=
∑
d|mn
dq
mn
d
−1Zd, m ∈ M, n ∈ N.
Equivalently,
∑
c|m
d|n
cdq
m
c
+ n
d
−2Xcd =
∑
c|m
d|n
cdq
mn
cd
−1Zcd, m ∈ M, n ∈ N.
On the other hand, since R ⊗Q is a binomial ring, we obtain the isomorphism
τ
q
(R ⊗Q) :Wq (R ⊗Q) → Nrq (R ⊗Q)M M M
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W
q
N
(
τ
q
M(R ⊗Q)
)
:W
q
N
(
W
q
M(R ⊗Q)
)→ WqN (NrqM(R ⊗Q))
from τqM(R ⊗Q), and then compose it with the isomorphism
τ
q
N
(
NrqM(R ⊗Q)
)
:W
q
N
(
NrqM(R ⊗Q)
)→ NrqN (NrqM(R ⊗Q)).
Finally, we can obtain the isomorphism
τ
q
M,N
(:= τqN (NrqM(R ⊗Q)) ◦WqN (τqM(R ⊗Q))) :WqM,N(R ⊗Q) → NrqM,N(R ⊗Q),
where the notation WqM,N (R ⊗Q) (respectively NrqM,N(R ⊗Q)) represents the ring
W
q
N
(
W
q
M(R ⊗Q)
) (
respectively NrqN
(
NrqM(R ⊗Q)
))
.
Observe the following commutative diagram
W
q
M,N(R ⊗Q)
τ
q
M,N
ω
q
M,N
Φ
q
M,N
NrqM,N(R ⊗Q)
n
q
M,N
ϕ
q
M,N
ghMN(R ⊗Q)
W
q
MN(R ⊗Q)
τ
q
MN
Φ
q
MN
NrqMN(R ⊗Q).
ϕ
q
MN
Here, nqM,N is defined by the composition map (ϕ
q
MN)
−1 ◦ ϕqM,N , which equals τqM,N ◦ ωqM,N ◦
(τ
q
MN)
−1 by the commutativity. As in the proof of Theorem 24, nqM,N is determined by the
polynomials {Zmn: m ∈ M, n ∈ N} under the mapping
n
q
M,N : (Xmn)m∈M,n∈N 
→ (Zmn)m∈M,n∈N.
We claim that
Zmn −Xmn ∈ Z[Xcd : c | m, d | n, cd < mn] (4.11)
for all m ∈ M , n ∈ N . Suppose not. Then, for some m ∈ M , n ∈ N , Zmn contains a term
ccdXcd, where c | m, d | n, cd < mn,
whose coefficient ccd is not an integer. Specializing X by the vector Ec,d := (ea,b)a∈M,b∈N given
by
eab :=
{1 if a = c, b = d,0 otherwise
Y.-T. Oh / Journal of Algebra 309 (2007) 683–710 707implies that the mnth component of nqM,N(Ec,d), which equals ccd , does not belong to Z. But,
this gives rise to a contradiction since
n
q
M,N
(
NrM,N(Z)
)= NrqMN(Z).
This is because Z is a binomial ring. In conclusion, Eq. (4.11) is the case for all m ∈ M , n ∈ N.
This completes the proof. 
Example 26. Let us compute polynomials Zpp′ for primes p ∈ M and p′ ∈ N . Clearly, Zm1 =
Xm1 and Z1n = X1n for all m ∈ M , n ∈ N . Then we have
Zpp′ = Xpp′ + p
p′−1 − 1
p′
X
p′
p1 +
1
pp′
p′−1∑
r=1
pr
(
p′
r
)
X
p(p′−r)
11 X
r
p1.
Note that all the coefficients are integers.
5. Applications
5.1. Generalized Möbius function
In this section, we study how the generalized Möbius function, μN , due to E. Cohen [2], arises
naturally in our frame. Throughout this section N will denote a monoidal truncation set. Let us
first consider a ring homomorphism
ϕ
1,0
N,N⊥ : Nr
0
N⊥
(
NrN(A)
)→ gh(A),
(an)n∈N 
→
( ∑
d|n
d∈N
n
d
a n
d
)
n∈N
,
which can be induced by the functorial rule. Note that ϕ1,0
N,N⊥ factors through as follows:
Nr0
N⊥
(
NrN(A)
) Nr0N⊥ (ϕN (A)) Nr0
N⊥
(
ghN(A)
) ϕ0N⊥ (ghN(A)) ghN⊥(ghN(A))∼= gh(A).
It is easy to show that the following diagram
NrN(A)
ι
ϕN
Nr0
N⊥(NrN(A))
ϕ
1,0
N,N⊥
Nr0
N⊥(A)
ϕ0
N⊥
ι
ghN(A)
ι gh(A) ghN⊥(A)
ι
708 Y.-T. Oh / Journal of Algebra 309 (2007) 683–710is commutative. Let A be a Q-algebra to make sure that the inverse of ϕ1,0
N,N⊥ exists. As a prepara-
tory step to describe the inverse of ϕ1,0
N,N⊥ we would like to recall the generalized Möbius function
μN . By definition
μN(n) =
∑
d|n
d∈N⊥
μ
(
n
d
)
.
It is well known [1] that μN is a unique arithmetical function satisfying
∑
d|n
d∈N
μN
(
n
d
)
=
{1 if n = 1,
0 otherwise.
Lemma 27. [1,2]
(a) Let g be a multiplicative function. If f is such that
g(n) =
∑
d|n
d∈N
f
(
n
d
)
,
then f is multiplicative. In this case, we have
f (n) =
∑
d|n
g(d)μN
(
n
d
)
.
(b) Let f and g be multiplicative functions such that g(1) = 0. If
g(n) =
∑
d|n
d∈N
f
(
n
d
)
⇐⇒ f (n) =
∑
d|n
g(d)μ∗
(
n
d
)
,
then μ∗ = μN .
Given m ∈ N, let us define a corresponding matrix, ζm,N , on the lattice D(m) of divisors of m,
by
ζm,N(d1, d2) =
{
1 if d1 = d2e , where e ∈ N ∩D(m),
0 otherwise,
and denote by μm,N its inverse. It is obvious that the mth component of ϕ1,0N,N⊥((an)n∈N) is given
by the mth component of (ad)d∈D(m)ζm,N . Consequently, one can verify that
(
ϕ
1,0
N,N⊥
)−1
: gh(A) → Nr0
N⊥
(
NrN(A)
)
,
(bn)n∈N 
→
(
1
n
∑
μn,N(d,n)bd
)
n∈N
.d|n
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Proof. Let f be a multiplicative function such that f (1) = 0. Set an = f (n)n for every n ∈ N.
From
bn =
∑
d|n
d∈N
n
d
a n
d
⇐⇒ an = 1
n
∑
d|n
μn,N (d,n)bd,
it follows that
bn =
∑
d|n
d∈N
f
(
n
d
)
⇐⇒ f (n) =
∑
d|n
μn,N (d,n)bd .
Hence, Lemma 27(b) implies the desired result. 
In particular, if
bn =
{
xn if n ∈ N,
0 otherwise,
then
1
n
∑
d|n
μN
(
n
d
)
xd =
{
M(x,n) if n ∈ N,
0 otherwise.
5.2. Polynomials similar to q-necklace polynomials
In this section, we will introduce polynomials similar to q-necklace polynomials Mq(x,n)
(see Eq. (2.2)), which arise from our framework very naturally. Recall that
Mq(x) = (Mq(x,n))
n∈N = τq
(
(x,0,0, . . .)
)
.
Now, for each positive integer n we let
Nq(x,n) := (τq)−1((x,0,0, . . .)).
It can be easily verified that it is a polynomial in q, x with rational coefficients whose generating
function is given by
qn−1x =
∑
d|n
dq
n
d
−1Nq(x, d)
n
d .
Multiply q to both sides to obtain the relation
(
1
1 − qt
)x
=
∞∏
n=1
1
1 − qNq(x,n)tn . (5.1)
710 Y.-T. Oh / Journal of Algebra 309 (2007) 683–710Theorem 29. For every q ∈ Z and n ∈ N, Nq(x,n) is a polynomial in x of degree n which takes
on integer values for integer arguments.
Proof. Since Z is a binomial ring, τq :Wq(Z) → Nrq(Z) is a ring isomorphism. This implies
that if x ∈ Z, then every component of the vector (τ q)−1(x,0,0, . . .) should be an integer. So,
we are done. 
If we replace t by −t , then Eq. (5.1) can be written as
(1 + qt)x =
∞∏
n=1
(
1 + qN˜q(x,n)tn),
where N˜q(x,n) := (−1)n+1Nq(x,n). One can see immediately that N˜q(x,n) also takes on in-
teger values for integer arguments.
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